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» Introduction to dynamical systems-based neural networks.
» Time-dependent symplectic networks.

» 1-Lipschitz and a—averaged networks.
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» Residual Neural Networks (ResNets) are networks of the form Ny = fy, o ... o fp, with

fo.(x) =x+ Bl o (Ax + b;) € RY, x € RY,
Ai7Bi S Rth7 bi S Rha 01‘ = {Ai7 Bi7bi}-
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ResNets as dynamical systems

» Residual Neural Networks (ResNets) are networks of the form Ny = fy, o

fo.(x) = x + B 0 (Ax + b;) € RY, x € RY,
Ai,Bi e R"™9 b e R" 0; = {A;, B;, b;}.

» The layer
fgi(x) =X+ B,-TO' (A,’X + b,) =X+ fg,(x) € R
is an explicit Euler step of size 1 for the initial value problem

{y(t) = B o(Ay(t) + bi) = Fo,(y(t)),
y(0) = x
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ResNet-like archtectures

» We can define ResNet-like neural networks by choosing a family of parametric functions
So = {]—"9 ‘RIRI: he @} and a numerical method \Uhf, like explicit Euler defined
as Wi (x) = x + hF(x), and set

h h
NQ(X) = \U]_-LGL 0---0 \U]_lgl (X), Foy ...,fgL € So.

» We could also combine these residual blocks with lifting and projection layers, as for usual
neural networks.
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» Choose a property P that the network has to satisfy, e.g. volume preservation.
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» Choose a property P that the network has to satisfy, e.g. volume preservation.

» Choose a family of parametric vector fields Sg whose solutions satisfy P, e.g.

~ = i) <
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Structured networks based on dynamical systems?

> Choose a property P that the network has to satisfy, e.g. volume preservation.

» Choose a family of parametric vector fields Sg whose solutions satisfy P, e.g.

Fo(x) = X = {Xl}.

X2
» Choose a numerical method \U}e that preserves the property P at a discrete level, e.g.

W}G(X) _ X1 + ho (A1X2 -+ bl) = X1:|

X2 + ho (Axx1 + by)

» The resulting network Ny = \IJ_"FLQ 0--+0 W?&g will preserve P.
L 1

'Elena Celledoni et al. “Dynamical Systems—Based Neural Networks”. In: SIAM Journal on Scientific
Computing 45.6 (2023), A3071-A3094.
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Time-dependent Symplectic Neural
Networks

In collaboration with Priscilla Canizares, Carola-Bibiane Schonlieb, Ferdia Sherry, Zakhar
Shumaylov?

2Priscilla Canizares et al. “Hamiltonian Matching for Symplectic Neural Integrators”. In: arXiv preprint
arXiv:2410.18262 (2024).



» The equations of motion of canonical Hamiltonian systems write

0 I

x = JVH(x) = Xy(x) e R?", J = [—/ 0

] € R2%2n. (1)

» Denoted with ¢y, : R?" — R?" the exact flow of (1), we have that

» @ H(6m4(50)) = Y H(1.4(x0)) IV H(014(x0)) = O
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Canonical Hamiltonian equations

» The equations of motion of canonical Hamiltonian systems write

0 I

x =JVH(x) = Xpy(x) e R?", J= [, 0

:| c R2n><2n. (1)

» Denoted with ¢y, : R?" — R?" the exact flow of (1), we have that

- & H(12(x0)) = VH(011(x0)) IV H(11(x0)) = 0.
- 00r.(%0) | " | (90m.e(x0)
( gxo()) J< gxoo>:J’
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Canonical Hamiltonian equations

» The equations of motion of canonical Hamiltonian systems write

0 I

x =JVH(x) = Xpy(x) e R?", J= [, 0

:| c R2n><2n

» Denoted with ¢y, : R?" — R?" the exact flow of (1), we have that

» @ H(6m4(50)) = Y H(11.4(x0)) IV H(011(x0)) = 0.
- Otme(x0)\ " ; (OdH,e(xo0)
( gxo()) J< gxoo>:J’

» the flow preserves the canonical volume form of R?".
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» Suppose x(t) € Q C R?", whenever x(0) € Q, for any t > 0.
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Forward invariant subset of the phase space
» Suppose x(t) € Q C R?", whenever x(0) € Q, for any t > 0.

» By the group property of the flow map, we know that

OH,nAt+5t = PH,5t © OHAL © ... © P ar, N €N, 5t € (0,At).

n times

As a consequence, to approximate ¢y ¢ : 0 — Q for any t > 0, we only have to
approximate it for t € [0, At].

Solution

Figure 1: Neural network trained to approximate ¢4 ; for t € [0, At = 1] and applied up to T = 100.
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Two learning problems associated to Hamiltonian systems

Unsupervised solution of the Hamiltonian equations

Approximate the flow map ¢p;: Q — Q, for any t > 0, on a compact forward invariant
set Q C R?", given the Hamiltonian energy H : R?>" — R.

Davide Murari (DAMTP) Dynamical systems-based structured networks 9/22



Two learning problems associated to Hamiltonian systems

Unsupervised solution of the Hamiltonian equations

Approximate the flow map ¢p ¢ : 2 — Q, for any t > 0, on a compact forward invariant
set Q C R?", given the Hamiltonian energy H : R?>" — R.

Supervised approximation of an unknown Hamiltonian flow map

Approximate the flow map ¢ : Q — Q, for any t > 0, on a compact forward invariant
set Q C R?", given trajectory segments {(xg,y7, ..., yi) nNzl, Ym & OH.en (X0)-
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Two learning problems associated to Hamiltonian systems

Unsupervised solution of the Hamiltonian equations

Approximate the flow map ¢p ¢ : 2 — Q, for any t > 0, on a compact forward invariant
set Q C R?", given the Hamiltonian energy H : R?>" — R.

Supervised approximation of an unknown Hamiltonian flow map

Approximate the flow map ¢ : Q — Q, for any t > 0, on a compact forward invariant
set Q C R?", given trajectory segments {(xg,y7, ..., yi) nNzl, Ym & OH.en (X0)-

\.

Remark: Given the several known qualitative properties of ¢4 ;, we want to exploit them
when designing the approximating map.
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» We now build a neural network that approximates ¢+ :  — €2 for a forward invariant
set Q C R?", and t € [0, At], while reproducing the qualitative properties of ¢y ¢.
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The SympFlow

» We now build a neural network that approximates ¢y ¢ : €2 — €2 for a forward invariant
set Q C R?", and t € [0, At], while reproducing the qualitative properties of ¢ ;.

» We rely on two building blocks, which applied to (q, p) € R?" write:
bsl(ap) - | a |\
’ p—(VqV(t,a) — VqV(0,q))

Pq.t((a,p)) = |:q + (VoK(t, p[)) — VpK(0, p)):| .
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The SympFlow

» We now build a neural network that approximates ¢y ¢ : €2 — €2 for a forward invariant
set Q C R?", and t € [0, At], while reproducing the qualitative properties of ¢ ;.

» We rely on two building blocks, which applied to (q, p) € R?" write:
bsl(ap) - | a |\
’ p—(VqV(t,a) — VqV(0,q))

Pq.t((a,p)) = |:q + (VoK(t, p[)) — VpK(0, p)):| .

» The SympFlow architecture is defined as

N9 (ta (qO) PO)) = ¢|:L),t o QSé,t ©---0 ¢|:;l),t o ¢(]:i,t((q07 pO))
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Properties of the SympFlow

» The SympFlow is symplectic for every time t € R. The building blocks we compose are
exact flows of time-dependent Hamiltonian systems:

¢L,t((qv p)) = |:p - (Vq V"(t7 q(; —Vaq V"(O’ q)):|
q
“lp- Vq (fot AsVi(s, q)ds)] = <25\7;7t((q, p)),

with V/(t, (q,p)) = 9 V'(t, q).

Davide Murari (DAMTP) Dynamical systems-based structured networks 11/22



Properties of the SympFlow

» The SympFlow is symplectic for every time t € R. The building blocks we compose are

exact flows of time-dependent Hamiltonian systems:

oh.((a,p)) = [p — (VqVi(t, q(; — VqV/(0, q))]
q

" p—V,4 (fot AsVi(s, q)ds)] = ¢yi,((a,p)),

with V/(t, (q,p)) = 9 V'(t, q).

» The SympFlow is volume preserving.
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Properties of the SympFlow

» The SympFlow is symplectic for every time t € R. The building blocks we compose are
exact flows of time-dependent Hamiltonian systems:

oh.((a,p)) = [p — (VqVi(t, q(; — VqV/(0, q))]

q
“lp- Vq (fot AsVi(s, q)ds)] = <25\7;7t((q, p)),

with Vi(t, (q,p)) = 0¢ V/(t,q).
» The SympFlow is volume preserving.

» The SympFlow is the exact solution of a time-dependent Hamiltonian system.
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Composition of Hamiltonian flows?

Theorem (The Hamiltonian flows are closed under composition)

Let H', H? : R x R>" — R be continuously differentiable functions. Then, the map

P e © Py R2" — R2" js the exact flow of the time-dependent Hamiltonian system defined
by the Hamiltonian function

H3(t,x) = H2(t,x) + H (t, ¢;,§’t(x)) .

» This theorem implies that there is a Hamiltonian function H(A\p) : R x R2" — R?" such
that

Ny (t,x) = Pr(Ny),t(X)
for every t > 0 and x € R?".

3Leonid Polterovich. The Geometry of the Group of Symplectic Diffeomorphisms. Lectures in Mathematics

ETH Ziirich. Basel: Springer Basel AG, 2001. 1sBN: 978-3-7643-6432-8.
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Training of the SympFlow to solve x(t) = Xu(x(t))

» The SympFlow is based on modelling the scalar-valued potentials V', K’ : R x R" — R
with feed-forward neural networks.

» To train the overall model Ny we minimise the loss function

N 2
1 | d : :
LO) = || No (txh)| = IVH (N (i, x}))
N, & || dt — ,

N
1 & 2
FZ N9 tjva) H(XJ)) ’
mJ:1

Hamiltonian matching
where we sample t;, t; € [0, At], and x{,x' € Q C R?".
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Supervised training of the SympFlow to approximate ¢ ;

» The SympFlow is based on modelling the scalar-valued potentials \7i, K :RxR" R

with feed-forward neural networks.

» To train the overall model Ay we minimise the loss function

N M
1 n n n
[,(9) = N Z Z HNQ (tmaxO) - ym”%a
NM n=1 m=1
where x§ € Q C R?", and y7, ~ ¢pyn (X3).

Training data
N =200 initial conditions of M = 50 time samples each

-15 -1o -05 00 05 10 15
a
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Equations of motion

).(:p,[.):—X.

Long-time energy behaviour

Solution predicted using SympFlow with Hamiltonian Matching o
— JODE45 —— g SympFlow g ‘__’__--"
1070
°] :
= 100 . -
14 10° 10%
0 20 10 60 50 100 t
t . .
— pODE45  —— pSympFlow — Long-time energy behaviour
11 £
T 1073 4
s -
0 Z 100 — ODE45
§ === SympFlow
~14 = 1070 : .
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Simple Harmonic Oscillator (supervised)

Hamiltonian 0 Hamiltonian at t=0.25 o Long time energy behavior using SympFlow
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1-Lipschitz and av—averaged neural
networks

In collaboration with Elena Celledoni, Matthias J. Ehrhardt, Brynjulf Owren, Carola-Bibiane
Schénlieb, Ferdia Sherry*

*Ferdia Sherry et al. “Designing stable neural networks using convex analysis and odes”. In: Physica D:
Nonlinear Phenomena 463 (2024), p. 134159.



Why do we care about these constraints?

Adversarial robustness

Constraining the Lipschitz constant allows the reduction/control of the sensitivity of the
network to perturbations in the input space.

Convergent Plug-and-Play algorithms

They can help in Plug-and-Play algorithms to ensure the convergence of the iteration
Xk+1 = N@(Xk - TVF(Xk)).

This iteration converges if Ny is a—averaged and the sequence has a fixed point?.

?Pravin Nair, Ruturaj G Gavaskar, and Kunal Narayan Chaudhury. “Fixed-Point and Objective

Convergence of Plug-and-Play Algorithms". In: |[EEE Transactions on Computational Imaging 7 (2021),
pp. 337-348.

.
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1-Lipschitz neural networks

Non-expansive dynamical systems

Dynamics: x = Fp(x) = —A' o (Ax + b) .
Explicit Euler approximation: \Ilhfg (x) =x— hATo (Ax + b).

1-Lipschitz map: H\Uhfe(y) - KIJQEQ(X)H2 <y — x|,

if h <2/||A||3 and o is 1—Lipschitz.

We define the 1—Lipschitz neural network
h he . md d
Ngz\UfeLo...o\IlfeL : R — R,
where hi, ..., h; are adjusted during training to ensure h; < 2/||A;||3.
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a—averaged neural networks

a—averaged maps

A map F : RY — R? is a—averaged, o € (0,1), if there is a 1—Lipschitz map T : RY —
R? such that

F=(1-a)id+aT.
If F is continuously differentiable and has symmetric Jacobian, then it is a—averaged if
and only if spectrum(F’(x)) C [1 — 2«, 1]. Composition of averaged maps is averaged.

The map
2
Wl (x) = x — hATo (Ax+ b) = ¥ (”x2"2 — 1T (Ax + b)) A =0,

is averaged if h < 2/||A|3.
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Comparison of learned denoisers

Meuler := P oNpo L,
[,(Xl,XQ,X3) = (X1,X3,X3,07 ,0) S R64, P(X]_, ...,X54) = (X1,X2,X3) S R3.

DnCNN?

50 ; 200 ¢
. rEul(‘r(!/) FElillcr <y)

Figure 2: Repeated application of the unconstrained denoiser DnNCNN® and the constrained denoiser
[Euler to a given input image.

®Kai Zhang et al. “Beyond a Gaussian Denoiser: Residual Learning of Deep CNN for Image Denoising” . In:
IEEE transactions on image processing 26.7 (2017), pp. 3142-3155.
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Plug-and-Play for a deblurring task

gonvergence of the PnP iterations
10

T T T
10° 10t 102
Iteration number k&

Figure 3: Using the learned Euler denoiser to solve an ill-posed inverse problem (deblurring) in a PnP
fashion, with convergence guarantee. The numbers in the top right corner of each image are the
PSNRs (in dB) relative to the ground truth x.
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» We introduce a parametric map N (-, o) : [0, T] — R? such that N (0,%0) = Xo, and
choose its weights so that

1 C
c=1

for some collocation points ti,...,tc € [0, T].

2

%Ng(t,Xo) —f(Ng (tc,xo))

t=tc

— min
2




Physics-informed neural networks

» We introduce a parametric map Ap (-, %o) : [0, T] — R? such that Aj (0,x) = Xo, and
choose its weights so that

Ng t, Xo — .7:(./\/9 (tc,xo))

t=tc

— min
2

for some collocation points ti,...,tc € [0, T].

» Then, t — Ny (t,xo) will solve a different VP

y (1) = F(y (1) + (§No (t.%0)],_, — F (¥ (1)) € R,
y(0) = xo € RY,

where the residual SN} (t,xo)‘t:t — F(y(t)) is small in some sense.



Training issues with neural network

» Solving a single IVP on [0, T] with a neural network can take long training time.

» The obtained solution can not be used to solve the same ordinary differential equation

with a different initial condition.

Solution

— qref.

— pref.
q pred

—== ppred.

10

Figure 4: Solution comparison after reaching a loss value of 1075. The training time is of 87 seconds
(7500 epochs with 1000 new collocation points randomly sampled at each of them).



Training issues with neural network

» It is hard to solve initial value problems over long time intervals.

1.0 n
0.5 1k
- !
3 :
= 00 LD ELL LU
S A [T
N
— g ref.
—0.5 —— pref.
q pred.
—1.0 === p pred.
0 20 40 60 80 100




» Once we have trained N to be reliable for t € [0, At], we extend it for longer times as

- - A
P(t,x0) = Vr_ne(t/ae) © (Vat) I8 (x0),
for t € [0,+00) and xg € Q C R?", where
s(x0) := Ny (s5,%0), s € [0, At),
(T/_)At)k ‘=1paro-- o, k €N
— —

k times



Extension of the SympFlow outside of [0, At]

» Once we have trained Np to be reliable for ¢t € [0, At], we extend it for longer times as

- - A
Y(t,x0) 1= T/Jt—AtLt/Atj o (wAt) /Al (x0),
for t € [0,+00) and xo € Q C R?", where
Ys(x0) = Ny (s,x0), s € [0,At),
(J’At)k ‘=1paro-- o, k €N
—_—

k times

> (t,-) = dH,+(-) for the piecewise continuous Hamiltonian

H(t,x) := H(Np) (t — At[t/At],x).



Equations of motion

).(:pX7 y:py7 ﬁxZ—X—2XY; I')y:_y_(XZ_y2).

Solution predicted using SympFlow with Hamiltonian Matching _ Long-time energy behaviour
— 1 ODE45 == g SympFlow — @2 ODE45  —— g2 SympFlow \fz/’
3
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» To build networks satisfying a desired property, we can either restrict the parametrisation
Ny or modify the loss function.



Imposing structure over a neural network

» To build networks satisfying a desired property, we can either restrict the parametrisation
Ny or modify the loss function.

» Restrict the architecture:

» Modify the loss function:

N LN
Z INa(xi) = yill5 + N > Uxill, = Vo (xi) 1) -
i—1 i=1

TV
regulariser

= \




Imposing structure over a neural network

» To build networks satisfying a desired property, we can either restrict the parametrisation
Ny or modify the loss function.

» Restrict the architecture:

» Modify the loss function:

2

= \

N
ZHNH )HH% Z 1xill> — |N9(Xi)H2)2-

TV
regulariser

» Not all restrictions are equally effective, e.g. Nr(x) = Rx, RT R = Iy, is norm-preserving
but probably not expressive enough.



Approximation properties

» The inductive bias provided by modelling the network starting from dynamical systems,
allows us to study these models using the theory of numerical analysis and dynamical
systems.

Universal approximation theorem

Let F: Q ¢ RY — RY be a continuous function, with Q ¢ R? a compact set. Then,
for every ¢ > 0, there exists a finite set of gradient vector fields VV!, ...,V VL, sphere-
preserving vector fields Xsl, e 7XSL, and time steps hi,---, hy € R such that
Fowh owh o owh ouh < €.
H VVET XS vV X ()




Let F: Q ¢ R?Y — RY be a continuous function, with Q@ € R? a compact set. Then,
for every € > 0, there exists a finite set of C! vector fields X, ..., XL, and time steps
hi,---,h. € R such that?

HF—\|1§7<LL0...0\|/§<11

Lr(Q2)

?Qianxiao Li, Ting Lin, and Zuowei Shen. “Deep learning via dynamical systems: An approximation
perspective” . In: Journal of the European Mathematical Society 25.5 (2022), pp. 1671-1709

Presnov decomposition

For any X € C}(R9,RY) there is a unique function U : R — R with U(0) =0, and a
unique sphere-preserving vector field Xs : RY — R such that

X(x) = VU(x) + Xs(x), Vx € R.
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