Predictions Based on
Pixel Data

TES Conference on Mathematical Optimization for Machine Learning

Davide Murari
davide.murari@ntnu.no
In collaboration with Elena Celledoni, James Jackaman, Brynjulf Owren

© NTNU

Norwegian University of
Science and Technology



Definition of the problem

We have some data
0 M
{(Uz . U ) 1=1
We know there is a relation of the type
J+1 __ J Jj+1 dxd
U/’ =¥(U;)+46;" €R

We then want to approximate such map

Ng%\:[]



Relevant questions

Consider the parametric space of functions

F = {Np: R4 5 Rixd . g c @)

1. How well can we approximate the desired map
with functions in this space?

2. Can we find the best approximator given the
data we have available?



Main questions

Consider the parametric space of functions

F ={Ng:R** 5 R . 9 c O}

1. How well can we approximate the desired map
with functions in this space?

2. Can we find the best approximator given the
data we have available?



Particular case of interest
u=u(t,z,y) ER, B; €R, a;; € N?

8tu — ‘CU’ + Z lBi(aailu) (8ai2u)
1=1

ox{

O=ty <t1 <...<tpy

(i) (Uj)rs S u(tj, Lo, ys)
Ty = T0T, Ys = SOL.




Method of lines

Time dependent PDE
Oru = Lu Z 5?/ (aailu) (aaiz ’LL)
i=1




Method of lines

Time dependent PDE
Oru = Lu Z IBZ (8Oé7:1u) (8067:2 ’Ll,)
1=1

Semi-discretization in space with finite differences

0(t) = L+ U®) + Y Bi(Du < U($) © (D + U(D)) i= F(U (1)



Method of lines

Time dependent PDE
Oru = Lu Z IBZ (8Oé7:1u) (8047:2 u)
1=1

Semi-discretization in space with finite differences

0(t) = L+ U®) + Y Bi(Du < U($) © (D + U(D)) i= F(U (1)

Numerical discretization of the space-time dynamics

Ut = U7 + 6tF(U?) =: O (UY)



Learning the solution map

Data:
Ut = ®3H(U7) + O(67)

Fisher’s Equation:
Ou = aAu + u(l — u)




Finite differences as
convolution




Space of functions

V(t) = Fp(V() € REX4, 0 e0
V(0) = Vo

O, (Vo) = V(6t) = ¥y, (Vo) + O(5t™ 1)
F={0% R 5 R €O, Fp is a CNN}

Example : Explicit Euler gives a ResNet
U (V) =V + 6tFy(V)



Error splitting

o7 — v, ()|
= [|0 (627) + @ (U7) — ¥, (U7)
< 0 (62°) + || @F (U7) — ¥y (U7) + ¥ (U7) — O, (7))
O (0x%) +|@F (U7) — vy (U7)| + ||¥i (U7) - 9%, (U7)|]
N—— ~— —_——
spatial error classical error estimate neural network approximation
<0 (6a2) + 0 (st7+1) + || (U7) — @, (7))

< O (522) + O (6t"1) + St exp(Lip(F)5t) ||IS}|1|E | Fo(U) — F(U)

IA



Useful activation functions

o1(z) = max(0, x) oo(x) = max(0, x)
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a = o1(a) — o1(—a)
2ab = (a + b)* — a® — b*
= |o2(a +0) + 02(—(a + b)]
+ lo2(a) + o2(—a)] + [o2(b) + o2(—b)]



Simplified setting

Example:

Oy = Ozu + udy,u

Semidiscretization:




Representation with CNN
F(U)=FyU):=B*xac(AxU)




Approximation theorem

jo7 v, ()]

< O (622) + O (6t™+") + 6t exp(Lip(F)dt) II?;IlIE | Eyp(U) — F(U)]|



Approximation theorem

|07 = o, ()]
< O (62?) + O (5t™) + St exp(Lip(F o(U) - FU)
|Uli<e

There is a 2-layer CNN
Fy
making this
guantity vanish



Approximation theorem

|07+ = v, (U7)]| < O (92%) + O (6t

!

min [0 — &Y < O(6x%) + O(5t" )

)
U €F



Conclusion

1. How well can we approximate the desired map
with functions in this space?

If there is no noise, at least as well as with the
method of lines and the correct right hand side

2. Can we find the best approximator given the
data we have available?
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