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Adversarial robustness

1-Lipschitz = lower sensitivity to input perturbation

Wasserstein Generative Adversarial Networks (Kantorovich-Rubinstein duality)

Wi(u,v) = S Ex~pulf(X)] = By [f(Y)]-
fl—'Li;chitz

Convergent fixed point iterations

Ta(x) = (1 —a)x+ aF(x), a € (0,1), F 1-Lipschitz = xx1+1 = Ta(xx) — Fix(F).
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Robustness of NonExpNet compared to baselines
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*Ferdia Sherry et al. "Designing stable neural networks using convex analysis and ODEs". In: Physica D:
Nonlinear Phenomena 463 (2024), p. 1341509.
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There exists a 1-Lipschitz network as ac-
curate as the ResNet:

Classification accuracy

N := ResNet/Lip(ResNet).
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There exists a 1-Lipschitz network as ac-
curate as the ResNet:

N := ResNet/Lip(ResNet).

This experiment motivates the following two research questions:

@ s our nonexpansive network® not expressive enough?

@ How can we improve the trainability of 1-Lipschitz networks?

®Sherry et al., “Designing stable neural networks using convex analysis and ODEs".
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The 1-Lipschitz residual architecture



Non-expansive gradient flows

Gradient flows on RY

Consider the convex scalar function? Vjy(x) = ||[ReLU(Wx + b)||3/2. Define

Fo(x) = =V Vi(x) = —W T ReLU(Wx + b).

W eR™ beR" heN, 6= (W,b).

Euler step (1-Lipschitz)

If 7 €[0,2/||W|3], the explicit Euler map ¢} (x) = x + 7Fy(x) is 1-Lipschitz, i.e.,

103 (y) = 2502 < lly = xll2, x,y € R
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Ny=mopgo..0pp0Q:RY— Re

0o, € Ep 1= {gp R - RN ‘so(x) = x — TWTReLU(Wx + b), W ¢ R"*" p c RY
W e, e o,2/|WIBl},

Q:RY 5 R 7 :R" — RE affine maps.
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Universal approximation theorem

Unbounded width and depth

Davide Murari, Takashi Furuya, and Carola-Bibiane Schénlieb. “Approximation theory for
1-Lipschitz ResNets". In: NeurlPS (2025)



Target set of functions (1-Lipschitz)

Constrained set of networks
(Gradient step nets)

f

Unconstrained networks
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gd(X)z{wopeLo...ogogloQ:XQRd—)]R‘gaoeGSh,€=1,...,L, h,L €N,

Q:RISRM 7R R Qand afﬁne}.

Ci1(X,R) <= 1 — Lipschitz functions from X to R.
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gd(X)z{ﬂogoeLo...ogogloQ:XQRd—)R‘go(geGgh,le,...,L, hLeN,

Q:RISRM 7R R Qand affine}.

Ci1(X,R) <= 1 — Lipschitz functions from X to R.

Universal approximation theorem

€ >0, X C RY compact, g € C1(X,R). Then, there exists f € G4(X) N C1(X,R) with

max |f(x) — g(x)| <e.
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We prove this theorem in two different ways:
@ Show that each scalar piecewise affine 1-Lipschitz function belongs to G4(X).
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We prove this theorem in two different ways:
@ Show that each scalar piecewise affine 1-Lipschitz function belongs to G4(X).

@ We prove that the Restricted Stone-Weierstrass Theorem holds.

Restricted Stone-Weierstrass Theorem

Let X C RY be compact and have at least two points. Let A C C;(X,R) be a lattice?
separating the points? of X. Then A satisfies the universal approximation property for

C1(X,R).

?Closed under max and min.
®For any pair of distinct elements x,y € X and real numbers a, b € R with |a — b| < ||y — x||2, there

is an f € A such that f(x) = a and f(y) = b.
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Representation theorem

Ga(RY) NC1(RY,R) = 1 — Lipschitz piecewise affine functions from R? to R.
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Representation of piecewise affine functions

Representation theorem

G4(RY) NC1(RY,R) = 1 — Lipschitz piecewise affine functions from R? to R.

\ J

max-min representation

f : RY — R piecewise affine 1-Lipschitz. Then?

f(x) = max{f(x),..., k(x)},
f;(X) = min{a;’rlx + b,',l, ce aI,I,x + bi,/i}'

ki €N, a;; €RY bij €R, [la ] <1
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Let x,x1,x € R.

e Representation of the identity:

x = ReLU(x) — ReLU(—x).
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Let x,x1,x € R.

e Representation of the identity:

x = ReLU(x) — ReLU(—x).

e Representation of the maximum:

max{x1,x2} = x1 + ReLU(x2 — x1) = x2 + ReLU(x1 — x2).

e Representation of the minimum:
min{xl,xz} = X1 — ReLU(x1 - X2) = X2 — ReLU(x2 — Xl).
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What are the linear maps we can represent with our layers?
M € RP*h satisfying MT = M and \;(M) € [0, 1].
M=R"(I,—AN)R = I, — (AR)T(AR),

where R € O(h), and A? = diag(1 — A1,...,1— Ap).
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What are the linear maps we can represent with our layers?
M € RP*h satisfying MT = M and \;(M) € [0, 1].
M=R"(I,—AN)R = I, — (AR)T(AR),
where R € O(h), and A? = diag(1 — A1,...,1— Ap).
Mx = x — (AR) T (AR)x

—x— [(AR)T —(AR)T] ReLU ([ _"/(?R] x) .

Remark: [|[AR|]2 < 1.
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Target function: Fix ay,..., a4 € RY with ||a;||2 < 1. Consider the 1-Lipschitz function

f(x) = min{max{aj x, a; x}, max{a; x, a4 x}}.
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Target function: Fix ay,..., a4 € RY with ||a;||2 < 1. Consider the 1-Lipschitz function
f(x) = min{max{aj x, a; x}, max{a; x, a4 x}}.
STEP 1: Extract all the affine pieces

a) x
a, x

Q(x)= |5

ag x
a, x
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STEP 2: Extract the max and min using the gradient steps

max{vy, v} -1

min{ vy, v 1

©g,(v) = {V31 i 0
V4 0

ReLU ([-1 1 0 0]v), veR"

max{aj x, a) x}

caTy T
minqa; X, as X
oo (Qq) = | a2
3

T
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STEP 3: Pick ¢y, to assemble max{aj x, a; x} and analogously g, so that:

min{max{aj x, aj x}, max{a; x, a] x}}
max{max{aj x, aj x}, max{aj x, aj x}}
max{aj x, aj x}
min{aj x, aj x}

¥o3 © Po, © 9091(QX) =
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STEP 3: Pick ¢, to assemble max{aj x, a; x} and analogously @y, so that:

min{max{aj x, aj x}, max{a; x, a] x}}
max{max{aj x, aj x}, max{aj x, aj x}}
max{aj x, aj x}
min{aj x, aj x}

¥o3 © Po, © 9001(QX) =

STEP 4: Extract the first component to conclude

e;—@Gz © @01(Qx) = f(X)
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Values:

@ We have learned how to think of our networks: they are nothing more than a generic
piecewise affine 1-Lipschitz function.
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Value and limitation of this result

Values:

@ We have learned how to think of our networks: they are nothing more than a generic
piecewise affine 1-Lipschitz function.

@ We understood that the seemingly too constrained architecture, still has enough flexibility.
Limitations:

@ No control over how wide and deep the network is.
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Value and limitation of this result

Values:

@ We have learned how to think of our networks: they are nothing more than a generic
piecewise affine 1-Lipschitz function.

@ We understood that the seemingly too constrained architecture, still has enough flexibility.
Limitations:

@ No control over how wide and deep the network is.

@ We do not have a concrete (implementable) way to constrain Q while preserving the
model’s flexibility.
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Universal approximation theorem

Unbounded depth and fixed width




Fix h > 3. We now consider the set

gd,h( )= {v 0w, 0©A_10---0A10pp 0Q: X—)R‘ (1,1,1,h —3),

Q € Ram,v € R, |Vl <1, A1, o, A1 € Lmyipy, € Eps, LENY.
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Fix h > 3. We now consider the set

gd,h( )= {V 0w, 0©A_10---0A10pp 0Q: X—)R‘ (1,1,1,h —3),

Q € Ram,v € R, |Vl <1, A1, o, A1 € Lmyipy, € Eps, LENY.

A11 Alk k
Lo={] ¢ iR | Ay e RS Al <17 =1k}, me N,
At o Ak J=1
Ram={[B] - BJ] erwmd ‘ B € R™, |IBil; <1, i =1,....k}, am = [Imll,
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A revised set of networks

Fix h > 3. We now consider the set
Gan(X) = {vT 0 ps 0 AL 10 0A0ps0Q: X 5 R| m=(1,1,1,h-3),

Q € 7Féd,ma v E Rh) HVHl é lyAla "'7AL—1 S Ema%%g S gh—37 L S N}

A11 Alk k
Em:{ | eremem | A e RN Al < 1 izl,...,k}, m € NK,
Al ... Ak J=1
R.m = {[BIT o BJ]T e romxd ) B e R"¥4 ||Bila<1,i=1,.., k}, am = ||ml|x,

En= {909 : RS 3 ‘we(X) = [max{x;,x} min{x;, %} x3 @Go(xa)'], Py € 5h}-

Davide Murari (DAMTP) Approximation theory for 1-Lipschitz ResNets 16 /20




Characterisation of the set of networks

Let d, h € N with h > 3. All the functions in gd’h(]Rd) are 1-Lipschitz.
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Characterisation of the set of networks

Let d, h € N with h > 3. All the functions in gd,h(]Rd) are 1-Lipschitz.

Representation Theorem

Any piecewise affine 1-Lipschitz function f : RY — R can be represented by a network
in Gg.n(RY,R) with h > d + 3.
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Characterisation of the set of networks

Let d, h € N with h > 3. All the functions in gd,h(Rd) are 1-Lipschitz.

Representation Theorem

Any piecewise affine 1-Lipschitz function f : RY — R can be represented by a network
in Gg p(RY, R) with h > d + 3.

Universal Approximation Theorem

Let d € N, and X € RY be compact. The set gd,h(/'\.’) satisfies the universal approxima-
tion property for C1(X,R) if h > d + 3.
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Example: f(x) = min{max{aj x, aj x}, max{a; x, a x} }:

aj x
T
adH X
RY 5 x 2
~~ 0
Q X
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Example: f(x) = min{max{aj x, aj x}, max{a; x, a x} }:

aiix max{a;x, a_lsz}

RIS x s | 2% min{a; x, a, x}
~~ 0 ~~ 0
Q X o4 X
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Example: f(x) = min{max{aj x, aj x}, max{a; x, a; x} }:

aiix max{a;x, a_lsz} a%x
RYSx s | 2% o min{a; x, a, x} a, x
~~| 0 [~ 0 —~~ | max{aj x, aj x}
Q X 9091 X Al X
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Example: f(x) = min{max{aj x, aj x}, max{a; x, a; x} }:

aj x max{aj x, aj x} a; x max{aj x, a; x}
d ay X min{a; x, a, x} a, x min{aj x, aj x}
R 3 x +— — — T T — T T
~~ | 0 [~ 0 ~~ |max{a; x,a, x} | ~~ | max{a; x, a, x}
Q x o1 X AL X $62 X
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Example: f(x) = min{max{aj x, aj x}, max{a; x, a; x} }:

_alTTx max{a;x, a‘;er} a%x max{a;l_x, a;x}
RYSx s | 2% o min{a; x, a, x} a, x o min{as x, a, x}
~~ | 0 [~ 0 ~~ | max{aj x, ay x}| =~ | max{a] x, aj x}

Q x 6, % A1 X ¥o,

X
[max{aj x, a) x}
max{aj x, aj x}
~~ 0

X
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Idea of the proof for the representation theorem

Example: f(x) = min{max{a; x, aj x}, max{aj x, aj x} }:

[a] x max{aj x, a; x} a3 X max{aj x, a; x}
T craT T T croT o1
RYSx s | 2% o min{a; x, a, x} . a#x . . m|n{a3Tx, a4Tx}
~~ | 0 [~ 0 ~~ |max{a; x, a, x} | ~~ | max{a; x, a, x}
Q | x P, x Ax X Y02 X
[max{aj x, aj x} max{a; x, aj x, a3 x, a x}
max{a; x, aj x} min{max{a; x, a; x}, max{aj x, a] x}}
> >
Az I X ¥o3 X
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Idea of the proof for the representation theorem

Example: f(x) = min{max{a; x, aj x}, max{aj x, aj x} }:

[a] x max{aj x, a; x} a3 X max{aj x, a; x}
T I S T T N
RYSx s | 2% o min{a; x, a, x} . a#x . . m|n{a3Tx, a4Tx}
~~ | 0 [~ 0 ~~ |max{a; x, a, x} | ~~ | max{a; x, a, x}
Q | x ©6, x A1 % ©6, x
[max{aj x, aj x} max{a; x, aj x, a3 x, a x}
. max{a; x, aj x} . min{max{a; x, a; x}, max{aj x, a; x}} o F(%).
-~ 0 ~~ 0 —~
Az I x #o3 X &
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f:R? — R®
1-Lipschitz in ¢2. Then each component fi, ..., f. : RY — R is also 1-Lipschitz.
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f:R? — R®
1-Lipschitz in ¢2. Then each component fi, ..., f. : RY — R is also 1-Lipschitz.

= All the networks we saw before are dense also in the vector valued set.
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The vector valued extension

f:RY - RC
1-Lipschitz in #2. Then each component fi, ..., f. : R — R is also 1-Lipschitz.

= All the networks we saw before are dense also in the vector valued set.

Does this density persist for networks which are constrained? to be 1-Lipschitz?

?In a practically implementable way
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The vector valued extension
f:RT - RC
1-Lipschitz in ¢2. Then each component fi, ..., f. : RY — R is also 1-Lipschitz.

= All the networks we saw before are dense also in the vector valued set.

Does this density persist for networks which are constrained? to be 1-Lipschitz?

?In a practically implementable way

| don't know, but | believe so...
(ongoing with Takashi Furuya, and Carola-Bibiane Schénlieb)

\.
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Extensions and related projects

Current extension:

e Extension to scalar Transformers/In-context maps
Takashi Furuya, Davide Murari, and Carola-Bibiane Schonlieb. ” Approximation Theory
for Lipschitz Continuous Transformers.” ICML 2026.

Ongoing related projects:

o 1-Lipschitz networks on Hadamard manifolds
(with Elena Celledoni, Marta Ghirardelli, Brynjulf Owren, and Carola-Bibiane Schénlieb)

e Trainability of 1-Lipschitz networks (scaling-laws for constrained models)
(with Kevin Huang, Teresa Klatzer, Carola-Bibiane Schonlieb, and Zak Shumaylov)
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THANK YOU FOR THE ATTENTION!

Link to the paper: davidemurari.com/onelip
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