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Motivation

(b) Misclassification of an image that could
monkey winning a marathon" harm self-driving cars.

» Neural networks can find accurate solutions to many problems but
tend not to be interpretable or reproduce desired properties.




Motivation

(a) ChatGPT: "Generate a picture of a (b) Misclassification of an image that could
monkey winning a marathon" harm self-driving cars.

» Neural networks can find accurate solutions to many problems but
tend not to be interpretable or reproduce desired properties.

> We will see how to deal with some of these issues by applying the
theory of dynamical systems and geometric integration.




What is a neural network?

» A neural network is a parametric map usually composed of
building blocks called layers of the network:
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What is a neural network?

» A neural network is a parametric map usually composed of
building blocks called layers of the network:

No(x):féLo”’ofél(X)7 6:{617 70L}'
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» Example: Residual Neural Networks (ResNets)

fa.(x) = x + B 0 (Aix + b;) € RY, x € RY,
A, Bi e R"™ b, e R" 0, = {A;, B, b;}.




Example of the Euler’s elastica
> Goal: Build an efficient approximate solver of the Euler’s elastica

» Dataset: A set of boundary data x; = (q?, (@%),qV, (q,’")') and the
respective approximate solutions y; at some grid nodes.

> Loss function: £(0) := £ S M [|Na(x:) — yill5 — min.

Comparison over test trajectories (g, q,)

Comparison over test trajectories (¢, q,)
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Neural networks based on dynamical systems
» The layer
fa.(x) = x + B0 (Aix + b;) = x + Fy,(x) € R?

is an explicit Euler step of size 1 for the initial value problem

{y(t) = B a(Aiy(t) + b;) = Fo,(y(t)),




Neural networks based on dynamical systems
» The layer
fa.(x) = x + B0 (Aix + b;) = x + Fy,(x) € R?

is an explicit Euler step of size 1 for the initial value problem

{y(t) = B a(Aiy(t) + b;) = Fo,(y(t)),

» We can define ResNet-like neural networks by choosing a family of
parametric functions Sg = {7 : R - R?: ¢ € ©} and a numerical
method W%, like explicit Euler defined as W% (x) = x + hF(x), and set

NQ(X) = \I}g__LGL 0---0 \Ug_-lel (X), ]:91, ...,.7:9L € Se.




Imposing structure over a neural network

» To build networks satisfying a desired property, we can either
restrict the parametrisation Ny or modify the loss function.
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» Restrict the architecture:
Na(x)
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Imposing structure over a neural network

» To build networks satisfying a desired property, we can either
restrict the parametrisation Ny or modify the loss function.

» Restrict the architecture:
Na(x)

Ni(x) =
et

‘ 1]l -
» Modify the loss function:

N N
1 1
0) = N Z INa(xi) — yill5 + N Z (Ixilly = [Na(xi)l2)? -
i=1 =1

~ .
regulariser

» Not all restrictions are equally effective, e.g. Ng(x) = Rx, RTR = I,
is norm-preserving but probably not expressive enough.




Structured networks based on dynamical systems

» Choose a property P that the network has to satisfy, e.g. volume
preservation.
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» Choose a property P that the network has to satisfy, e.g. volume
preservation.

» Choose a family of parametric vector fields Sg whose solutions
satisfy P, e.g.

Fo(x) = {a (Alxz+b1)} e {xl}

U(A2X1 + b2) X2 ’




Structured networks based on dynamical systems

» Choose a property P that the network has to satisfy, e.g. volume
preservation.

» Choose a family of parametric vector fields Sg whose solutions
satisfy P, e.g.

7 =[O ) = [

» Choose a numerical method \U}e that preserves the property P at a
discrete level, e.g.

h - X1—|—hJ(A1X2—‘rb1) =: X1
\U]_-O(X) o |: X2 + ho (AQB?l + bg)

> The resulting network Ap = W% o...o W/ will preserve P,
L 1



Approximation properties

» The inductive bias provided by modelling the network starting from
dynamical systems, allows us to study these models using the
theory of numerical analysis and dynamical systems.




Approximation properties

» The inductive bias provided by modelling the network starting from
dynamical systems, allows us to study these models using the
theory of numerical analysis and dynamical systems.

Universal approximation theorem

Let F: Q ¢ RY — R? be a continuous function, with Q ¢ RY a
compact set. Then, for every ¢ > 0, there exists a finite set of gra-
dient vector fields VV1, ...,V VL, sphere-preserving vector fields
X%, .-, Xt and time steps hy, - -+, b € R such that

< Es

wh
X3 lle (@)

S

_ hL hL hy
HF Ul oW o oWl o




Adversarial robustness for
classification tasks




B Description of the problem

Classification problem

Let Q c RY be a set whose points are known to belong to C classes.
Given part of their labels, we want to label the remaining points
with a function Ny : RY — R¢ where we set

predicted class of x = arg max (Ng (x)" ec> :
E=ll000)C




B Description of the problem

Classification problem

Let Q c RY be a set whose points are known to belong to C classes.
Given part of their labels, we want to label the remaining points
with a function A : R — R¢ where we set

predicted class of x = arg max (/\/9 (x)" ec> :
E=ll000)C

Adversarial examples

X+6,6l2=0.3
Label : Horse Label : Dog

b SR




B How to have guaranteed robustness

NTNU

» Not all correct predictions are equivalent.

> Let /(x) = 2 be the correct label for the point x € Q.

> Ny, (x) =1[0.49 0.51 0] is not so certain as a prediction.
> Np, (x) =[0.05 0.9 0.05] thereis a higher gap here.
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> Let /(x) = 2 be the correct label for the point x € Q.

> Ny, (x) =1[0.49 0.51 0] is not so certain as a prediction.
> Np, (x) =[0.05 0.9 0.05] thereis a higher gap here.

Margin: My, (x) := Np(x) " eqx) — _Qeazx)Ng(x)Tej.
JAL(x

My, (x) >0 = Nj correctly classifies x.

My, (x) > V2Lip(Ng)e = My, (x +n) > 0V|nl2 < e.




B How to have guaranteed robustness

NTNU

» Not all correct predictions are equivalent.

> Let /(x) = 2 be the correct label for the point x € Q.

> Ny, (x) =1[0.49 0.51 0] is not so certain as a prediction.
> Np, (x) =[0.05 0.9 0.05] thereis a higher gap here.

Margin: My, (x) == Np(x)" €(x) — mezx No(x)"e;.

My, (x) >0 = Nj correctly classifies x.

My, (x) > V2Lip(Ng)e = My, (x +n) > 0V|nl2 < e.

» We constrain the Lipschitz constant of A (and train the network so
it maximises the margin).



B Lipschitz-constrained networks

Contractive maps

F5(x)=—-Alo(Ax+bc), AlAc =1, o (x)

wggg(x) = x — heAl o (Acx + be)

|wie(v) - wi )|, < /1 - he+ B2 lly = 1, x

Figure: o(x) = max {x,




B Lipschitz-constrained networks

Contractive maps

F5(x) = —Alo(Acx+bc), ALAc =1, o(x)

wgsg(x) =x— hcAl o (Acx + b)

|Wis )~ Wi ()|, < /1= he 4 B2 lly = I, x

Expansive maps -

q:ﬁ s
: =
x
N
N
(9}

FE(x) = Alo (Aex + be), AlAc =1,

W (x) = x + heAl o (Aex + b) Figure: o(x) = max {x. 3}

[ whe(v) - whe (|| < @+ he) ly = x1,




» To get a 1-Lipschitz neural network we alternate the one-step
methods and restrict the step sizes suitably:

B Lipschitz-constrained networks

hoy
Np =Wt oWzt o owh ol
21 0211 ) 01

\/1_h2k+h%k(1+h2k—1)§17 k=1,---,L.

"0.0 0.2 0.4 0.6 0.8 1.0

hok

Figure: Admissible time steps to get a 1—Lipschitz neural network




Numerical experiment with CIFAR-10
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Learning tasks involving
dynamical systems




B Definition of the problem

» Data: {(X?,X,l,"‘ »XM)},':1

1

xi = ¢ (x9) +8,,j=0,--- , M, for
an unknown F : RY — RY,
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» Goal 1: Approximate the vector field 7




Definition of the problem
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an unknown F : RY — RY,
» Goal 1: Approximate the vector field 7

> Goal 2: Approximate the map x} — x/™, i.e., one step with the
exact flow map ¢h..



Definition of the problem

>

Data: {(x%,x},--- 7XM)},':1,...,N' xi = ¢ (x9) +8,,j=0,--- , M, for

17 17 1 i 1

an unknown F : RY — RY,
Goal 1: Approximate the vector field F

Goal 2: Approximate the map x} — x/™, i.e., one step with the
exact flow map ¢h..

Generic solution strategy: Introduce a parametric model
Fo : RY — R, choose a one-step method W4 : R — R and solve

= Y

i=1 j=1

—>min.
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Definition of the problem

>

Data: {(x?,x},--- ,.xM)}._ ., xi = ¢ (x9) +8,,j=0,--- , M, for

1 1

an unknown F : RY — RY,
Goal 1: Approximate the vector field F

Goal 2: Approximate the map x} — x/™, i.e., one step with the
exact flow map ¢h..

Generic solution strategy: Introduce a parametric model
Fo : RY — R, choose a one-step method W4 : R — R and solve

R Ny A
L(G)—NM;; (lllf9> (x,-)—xJiH2—>m|n.

If we know more about F or the geometric properties of the flow
¢ we might want to constrain this procedure.



Problems we have considered

1.0)

0.8 —_

05 = e
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0.9 — iy
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(a) Learning the mass preserving flow
map of the SIR model.

—— Real
=== Predicted

10| === luitial Condition

=2 -1 [ T 3

(c) Learning the Hamiltonian of
unconstrained systems.

Prediction, Frame 0

"’[‘ruv dynamics, Frame 0

(b) Learning the norm-preserving flow
map of the linear advection PDE.

First pendulum Second pendulum

Ny
X\ AR

o
P

(d) Learning the Hamiltonian of
constrained systems.



B Constrained Hamiltonian systems

NTNU

» Holonomically constrained Hamiltonian systems can be described
by the differential algebraic equation

y(t)=IVH(y(t)). y=1(q.p) I [on ln}
g(q):O, g:Rd%RC ’ B —In On’

» Its configuration manifold and associated tangent space are
Q= {qERd: g(q)zO} cRY, dim(Q)=d — c,

TqQ:{veRd: G(q)v:O}.



Parametrisation of 7,

» The constrained dynamics can be reformulated in the more
geometric way'

{q = P(q)9H(q. p)
p=—P(q)"9qH(q, p) + W(a,p)3pH(a,p),

where P(q) : R? — T,0.

'T. Lee, M. Leok, and N H. McClamroch. Global formulations of Lagrangian and
Hamiltonian Dynamics on Manifolds. Vol. 13. Springer, 2017.




Parametrisation of 7,

» The constrained dynamics can be reformulated in the more
geometric way'

g = P(q)9pH(q,p)
p=—P(q)"0qH(q,p) + W(q, p)ipH(q,p),
where P(q) : R? — T,Q.
» We thus set

- P(q)dpHo(a. p)
Fo(q,p) = |:—P(Q)TaqH9(q7p)p—{— W(q,p)0pHo(q.p)|’

1
Ho(a,p) = 5p" My, (@)p + Noy(q), 0= (01,02)

"Lee, Leok, and McClamroch, Global formulations of Lagrangian and Hamiltonian
Dynamics on Manifolds.
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» We consider the transitive Lie group action ¢ : G x M — M, i.e., for
every my, my € M thereis g € G with p(g, m) = my.



B Choice of V).

NTNU \Ug-'o,l(

» We assume M is a homogeneous manifold.

» We consider the transitive Lie group action ¢ : G x M — M, i.e., for
every my, my € M thereis g € G with p(g, m) = my.

» For W, ; we choose a Lie group method, i.e., a method of the form
Wl 1(x) = (g(Fo, h,x), x), §(Fo, h,x) € G.



Experimental results

Medians over the 5 repeated experiments

1500 5+ 0.1 LE ; -1.72 -0.75+ -3.76-
-1
-5
53
1000 0.01 EE- -6
-4 -2
=D
-8
500 3 0,001 CF4- 3
-6
-10
50~ 2° 0 RK4~ -7.48 -39 -10.68-
N M Epsilon Integrator log10(E1) log10(E2) log10(Loss)
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